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Abstract

Fast Fourier transform (FFT) is a well-known algorithm that calculates the discrete
Fourier transform (DFT) of discrete data and is an essential tool in scientific and
engineering computation. Due to the large amounts of data, parallelly executing
FFT in graphics processing unit (GPU) can effectively optimize the performance.
Following this approach, FFTW and some other FFT packages were designed,
but the fixed computation pattern makes it hard to utilize the computing power of
GPU. Additionally, the memory access pattern is not optimized to alleviate the bot-
tleneck of data exchange. Motivated by these challenges, we propose an efficient
GPU-accelerated multidimensional FFT library to achieve better performance in this
paper. We present a detailed and clear implementation strategy and optimize FFT by
having as few memory transfers as possible. The data will be reshuffied on the CPU,
and the access mode is also optimized to coordinate with the GPU memory access
pattern. Several optimizations are also demonstrated to enhance the performance of
our approach for varying FFT sizes, and the evaluation shows that our approach con-
sistently outperforms rocFFT with a speedup of about 25% to 250% on average in
AMD Instinct MI100 GPU.
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1 Introduction

DFT is essential in many scientific and engineering applications, including large-
scale simulations [1], time series [2], waveform analysis [3], electronic structure
calculations [4], and image processing [5]. Of particular interest has been FFT, a
staple of mathematical computing and an efficient algorithm of DFT as it has been
named one of the most important algorithms in the 20th century [6]. Numerically,
it was first calculated relying on the DFT algorithm. However, due to its O(N?)
computational complexity, FFT is used as a less time-consuming alternative for
computing FTs in a divide-and-conquer fashion with an O(NlogN) complexity.

Because of its wide range of applications, improving the performance of FFT
is of great significance, and many efforts have been made from algorithm and
hardware aspects. Plenty of optimized, production-level implementations of the
FFT are developed across nearly all platforms, including FFTW [7], FFTPACK
[8], cuFFT, and rocFFT. Nowadays, GPUs have become one of the most popular
platforms for high-performance computing (HPC). Combining raw computation
power with programmability, GPUs provide parallel architecture, which can exe-
cute programs on thousands of threads simultaneously and possess much larger
bandwidth. Since the heterogeneous platform is gradually applied in a variety of
fields, large amount of interest has been invested in optimized methodologies on
the CPU platform [7], the GPU platform [9, 10], and other accelerator platforms
[11].

Although previous works have focused on optimizing FFT with plenty of
accelerator platforms, there are still following challenges for FFT optimization
on GPU. The first challenge is efficiently utilizing the various types of memory
on GPU to support FFT’s special operations, because memory can easily become
the bottleneck of the FFT algorithm due to its modest arithmetic intensity and
distinct memory access pattern. To give full play to the computation performance
of the Compute Unit (CU), the algorithm needs to be well-designed in data
arrangement. Second, FFTs of different sizes use different kernels, and extensive
sequence FFT kernels are more complicated. Therefore, a relatively consistent
optimization effect on various and multidimensional FFT may not be gained.

Since there is still considerable room for improvement in the proposed work,
we introduce our optimization of FFT on GPU in this paper to deal with the chal-
lenges of FFT. The central issues are the utilization of GPU and the memory
transfer between threads. We propose a template-based code generation frame-
work that can generate high performance FFT codes automatically on GPU to
process FFT of various sizes and dimensions. In addition, the way of data access
has been optimized and a novel way based on FFT matrix form is also demon-
strated. This work makes the following three primary, novel contributions in opti-
mizing FFT algorithms for efficient execution on GPU:

e A novel template-based FFT library is developed, generating assembly FFT

kernels automatically, to accelerate the algorithm on GPU with high perfor-
mance for multidimensional and mixed radices sequences. The data access
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mode is optimized to non-strided layout, so that GPU memory can read the
data continuously and less transposition operation is required.

e  We exploit several major techniques to further improve its performance. First,
a special model for radix-2 FFT based on the matrix form is designed to utilize
the computing power of 16 X 16 GEMM in the CDNA’s Matrix Cores. Besides,
some other optimized memory mechanism, including in-place and coalesced
memory access pattern, is proposed to alleviate the performance loss.

e Qur work is evaluated on the AMD instinct GPU. On MI100, it achieves about
2x speedup on multidimensional, mixed radices FFTs over rocFFT in general.

In the remainder of this paper, Sect. 2 introduces FFT algorithm briefly, and Sect. 3
describes some existing related work. Then, in Sect. 4., we propose our novel FFT
library and introduce the architecture in detail. Next, some optimization methodolo-
gies are presented in Sect. 5. In Sect. 6, we evaluate the library on a MI100 GPU to
demonstrate the superiority of our implementation. Finally, we offer the conclusion
and discuss the future work in Sect. 7.

2 FFT algorithm
2.1 General FFT algorithm

FFT is an efficient way of computing DFT for a set of signals. DFT converts a finite
sequence of samples from the time or space domain to the frequency domain and
vice versa. The forward transform is expressed as:

N—
2rmi
X, = Zx,,e_V"k (D
n=0

where N is the input length, 7 is the spatial index, and k is the frequency index.

The DFT incurs a high computation cost with an asymptotic complexity of O(N?).
In cases where N is significantly large, direct computation affects the performance of
the system adversely. A faster approach, known as FFT, introduced by Cooley and
Tukey, reduces this complexity to O(N log N). The efficient algorithm proposed in
1965 for computing DFT was a significant turning point in the development of digi-
tal signal processing [12]. The FFT butterfly operation, which is the fundamental
calculation element in the FFT process, takes two complex points and converts them
into two other complex points. In the 2-point (radix-2) Cooley-Tukey algorithm, the
butterfly is simply a DFT of size-2 that takes two complex inputs (x,, x;) and gives
two complex outputs (y,,y,) by using Egs. 2 and 3. The twiddle factors in FFT algo-
rithms are trigonometric coefficients that multiply the data [13, 14].

Yo =X + x W 2)

V1 =x0—x]w]‘ 3)
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where the twiddle factor, w*, is given as:
wk = e%”k = cos (z—ﬁnk> — isin (2—”nk) 4)
N N

And for a radix-2, the DFT from Eq. 1 can be rewritten as:

N/2-1 N/2-1
_ 2nk k 2nk
X = Z XonWy~ W Z Xont1Wy (5)
=0 n=0

2.2 FFT in matrix form

The complete FFT algorithm consists of multiple processes of combining N, subse-
quences to get the DFT of the original N-point sequence. This process can be expressed
in the form of a matrix as Eq. 6. It is rewritten from Eq. 1 according to the periodicity
of WK,

Xaul = FN, : (TN,NZ oXin) (6)

where - denotes matrix product, © denotes element-wise product, and N, equals
N/N,. X,, is the input sequence as follows:

Xo[0]  Xp[1] -+ Xp[N, —1]
X = X,[0] X1 - XN, —1]

n

XN,—l[O] XNI—I[l] XNI—I[NZ —1]

X, represents the matrix form of the output N-point DFT of the original sequence.

The matrix is N; X N, and is shown as follows:

X[0] X[1] e XN, — 1]

X[N. X[N, +1 -+ X[2N, -1
[:2] [2: ] ) [ 2 ] (8)

XV, = DN,] XIQV, = DN, + 1] -+ X[N,N, — 1]

Fy, denotes the radix-N; DFT matrix. Ty v, is an Ny X N, twiddle factor matrix, and
it has the same size as X,,,, and X;,. Fyy and T)y y, are shown as follows:

0 0 0
W]gl W];]l ‘/E/VNII
=
Fy = WNI WNI WN] )
1 : : : :
0 wM=l . =DM =D)
WN, WN, : WNl
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0 0 0
W](\)] WI}/ V]IV/N 1
AR
TN|><N2 = V"/N VV:N WN: (10)
WI(\)] le—l WI(VN]_I)(NZ_I),

where X,, denotes the DFT of the m-th (N, — 1)-point sampling subsequence of orig-
inal x - x,,[n] = x[nN| + m], for all 0 < n < N, — 1. X,, is calculated in the previous
iteration.

The above content describes how the radix-N, FFTs are converted into the FFT
of a long sequence through matrix multiplication and element-wise multiplication
[15]. And the FFT of the original sequence can be obtained through this process of
logy N times.

3 Related work

Methods of FFT acceleration have been widely explored and proposed over the last
decades on CPU, GPU, and other accelerator platforms [16, 17]. Yasuhito et al. [18]
propose a model-based, adaptive library for 2D FFT that automatically achieves
optimal performance using available heterogeneous CPU-GPU computing resources
to overcome the problem that the GPU performance can be severely limited by such
restrictions as memory size and bandwidth and programming using graphics-spe-
cific APIs. Cilasun et al. [19] exploit acceleration opportunities for high-resolution
FFTs in spintronic computational RAM (CRAM), which supports proper in-memory
processing semantics. Xiaowen Chen [20] et al. propose a variable-size FFT hard-
ware accelerator based on matrix transposition (MT), which can efficiently divide
a large size FFT into several small size FFTs that can be executed in parallel. Apart
from this, several optimization techniques such as hybrid twiddle factor generation,
multibank data memory, block MT, and token-based task scheduling are also pro-
posed. AutoFFT [21] is a code generator that can automatically generate fast Fourier
transform (FFT) codes for ARM and x86 CPUs. To further reduce the floating-point
butterfly operations, Zhihao Li et. explore more symmetric and periodic properties
of the DFT matrix and formulate two optimized calculation templates for prime and
power-of-two radices. The template-based auto-tuning mechanism has been verified
to be efficient in CPU and is referenceable for the expansibility to GPU.

Apart from the FFT library accelerator, parallel distributed-memory multidimen-
sional FFT is also placed great emphasis [22]. Chen et al. [23] introduce a flexible
partitioning scheme that enables concurrent execution of CPU and GPU and inte-
grates several FFT decomposition paradigms to tailor computation and communica-
tion. Amir Gholami [24] et al. extend existing FFT libraries for Compute Unified
Device Architecture (CUDA) GPUs to distributed memory clusters. They use over-
lapping communication methods to reduce the overhead of PCle transfers from/to
GPU. To reduce the communication to approximately a single all-to-all transpose,
Cris Cecka [25] reformulates an existing algorithm that employs the fast multipole
method (FMM).
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The requirement for mixed-precision FFT also enhances, while half-precision
(FP16) is gaining popularity due to its faster speed and energy saving ability [26].
Moreover, several approaches have been proposed for using Tensor Cores in the
computation of FFT. Sorna [27] and Cheng [28] show the theoretical basis and an
example implementation that resorted to cuBlas to utilize Tensor Cores. In Durran’s
poster [29], their implementation outperformed cuFFT with Tensor Core WMMA
APIs, but only on the primary small size 1D FFT. These approaches did not handle
the memory bottleneck caused by the distinct memory access pattern of large size or
multidimensional FFT. These researchers are absorbed in the mixed-precision FFT,
which is frequently used in deep learning [30], image restoration, etc. The loss of
precision may be intolerable in some HPC applications, but their methodologies are
referenceable.

The previous work still has some great challenges, including efficiently utilizing
the various types of memory on GPU to support FFT’s special operations and com-
plicated kernel design for sequence FFT kernels. Therefore, a relatively consistent
optimization effect on various and multidimensional FFT may not be gained. In the
light of these challenges, several major techniques are exploited to further improve
its performance. The data access mode is optimized to non-strided layout, so that
GPU memory can read the data continuously and less transposition operation is
required. And a special model for radix-2 FFT based on the matrix form is designed
to utilize the computing power of 16 X 16 GEMM in the CDNA’s Matrix Cores.

4 Implementation of FFT computation on GPU
4.1 GPU architecture

GPU can achieve extremely high computational throughput by employing many
cores working on a large set of data in parallel. Radeon Open Computing platform
(ROCm), developed by AMD, is the open-source software development platform
for HPC/Hyperscale-class GPU computing. ROCm is aimed to be an alternative of
CUDA and is gradually used programming approach in massively parallel comput-
ing applications. ROCm’s Heterogenous-compute Interface for Portability (HIP)
allows coding in a single-source C++ programming language including features
such as templates, C++11 lambdas, classed, namespaces. HIP provides a simple
path for users familiar with programming language to develop programs to be exe-
cuted by GPUs easily.

The AMD GPU architecture consists of multiple compute units (CU) with pipe-
lined cores and instruction dispatch units. The command processor and scheduling
logic translate higher-level API commands into compute tasks. Conversely, these
computing tasks are implemented as compute arrays and managed by the Asynchro-
nous Compute Engines (ACE). Although HIP provides the possibility to unleash
GPU’s computational power, several restrictions prevent programmers from achiev-
ing peak performance.

CDNA is AMD’s latest architecture, and the Instinct MI100 accelerator based
on CDNA is the world’s fastest HPC GPU. MI100 is the first GPU to break the
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10TFLOP/s double precision (FP64) barrier designed as the stepping stone to the
next generation of Exascale systems. As Fig. 1 illustrates, 120 CUs of the CDNA
architecture are organized into four arrays. They are derived from the earlier GCN
architecture and execute wavefronts that contain 64 work-items. However, the CUs
are enhanced with new Matrix Core Engines optimized for operating on matrix
datatypes, boosting compute throughput and power efficiency. The execution unit
reduces the number of register file reads, since many input values are re-used in a
matrix multiplication.

As we mentioned in Sect. 2, the FFT algorithm combines radix-N, subsequences
to get the DFT of the original N-point sequence. Since Matrix Cores of CDNA can
provide impressive computing power for matrix datatypes, which can be used in
power-of-16 radices and prominently reduce the execution time of FFT.

4.2 Architecture overview of FFT implementation on GPU

In the GPU-based parallel computing, hardware architecture is critical while design-
ing FFT computation algorithm to achieve peak performance. In the algorithm
design, there are some major points, including number of stages in butterfly opera-
tions, calculation of twiddle factors, and batch size of FFTs that will be computed
in parallel. The memory architecture that keeps the intermediate values during the
computation is likewise crucial to the time of data exchange [31].

Coalesced global memory has a immense impact on memory-bound applications
on heterogeneous systems. In order to achieve higher throughput, the data may be
ordered to guarantee coalesced 64 or 126 bit reads. Moreover, FFT input sequence
is a 1D array of type double2 that combines two floating-point elements for the real
and complex parts. (This work mainly focuses on the Complex to Complex (C2C)
FFT, where the number of elements is 2 X N.)

In the general algorithm, each multidimensional FFT is decomposed into the set of
1D FFTs, which is the typical approach to the algorithm. Our work also follows this
rule, and each 1D sequence from the input is uploaded to the shared memory sepa-
rately. Then, the butterfly operations are performed there entirely. The design has two
advantages compared with the previous methods. First, since the access speed of global
memory of GPU is relatively slow, shared memory has better performance, and the full

VINT VECTOR LosrIN
DATA MEMRTN IDX  DIRECT
WAVE INIT SNTOATA g

l l l l | SIMDS

SALU, SMEM Vector Register File I T
—_— 12868
AAAAA

> b

SCALAR

16KB
Scalar Cache MEMREQ

Scalar ALU ‘

10 Wave cntrs

]
1
8
8
a
®

8 uonenqY

T —— ; VECTOR
e >~ ‘ Operand Gathering and xBAR ‘ < R

MSG, Branch,
Export ‘ DPx8 l SPx16 l HPx32 ‘ SFUx4 l Matrix Unit ‘ l
EXPORT

INSTRUCTION
MEMORY FETCH ‘ Destination Scheduling

OTHER

SIMDS.

Fig. 1 Block Diagram of an Enhanced Compute Unit (CU) with a detailed SIMD view of the AMD
CDNA architecture
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utilization of it can improve the evidently. Besides, only one read and write is required
to the on-chip memory per axis for butterfly operations.

As we mentioned in Sect. 2, a radix-2 N-point FFT process is performed as a
log N stage computation module, where a 2-point FFT is computed in each stage.
Most libraries use N/2 independent threads in GPU to achieve the size of N, and
the threads are communicated with each other over the shared memory. After the
butterfly operation, each thread writes 2 complex values to the shared memory with
non-contiguous locations which is calculated by thread number and current stage
number. For the next stage, the threads read two complex values with contiguous
locations from the shared memory to obtain coalesced access pattern. Figure 2 is the
demonstration of 8-point 1D-FFT computation including shared memory usage with
4 independent threads.

Considering the memory access mode of GPU, we optimize the departed imple-
mentation in our work. The memory accesses are non-strided so that 32 nearest val-
ues are uploaded to GPU at once. However, for higher-dimensional FFT, where the
data are strided in directions (y, z), transposition is needed and takes roughly equal
to one read and write. And if a sequence is small (a length of < 256), device mem-
ory reads 16 nearby complex numbers and does not transpose the data matrix. This
design can accelerate the algorithm in the case of small FFTs, benefit from the non-
strided access and less data exchange. During 1D-FFT computation along one axis,
each line in that axis is considered independent. Threads can be identified using a
two-dimensional thread index by a thread block, a two-dimensional block of threads.
The second dimension of the thread block, which defines the number of blocks,
can be used to implement the other lines of one axis of 3D-FFT computation. The
number of threads per block is N/8 instead of N/2 for an N FFT computation in our
design because 16 FFTs instead of 2 FFTs are performed in one thread.

Blocks of the same dimension are computed in parallel by the threads. Then, the
threads repeat the exact computation with new indexes N more times to finish all 1D-FFT
computations along one axis. The threads write the results of each 1D-FFT computation
to global memory so that new FFT kernels will be started in the next dimension. For the
next dimension, the start index will be calculated by thread ids for each thread. To com-
plete all the computation, all 1D-FFT computations along three dimensions are executed

0 | real |imag i\ i real |imag| 0
1| real [imag|. ? ? 7| real |imag| 1
2 | real |imag jg\ ? real [imag| 2
3| real imag), i i real |imag| 3
4 | real |imag % % real |imag| 4

o
o

; real |imag| 5

5 | real |imag)/

N}
)

6 | real |imag real [imag| 6

@

R

7 | real |imag real |imag| 7

o
o

Global memory Shared memory Shared memory Global memory
Stage #1 Stage #2 Stage #3

Fig.2 8-point FFT architecture with 3 stages (Note that; real: real part(solid), imag: imaginary
part(stripe)
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by N x N/8 threads with transpose illusion which is obtained by indexing the strided
sequence and copying data from global memory to share memory.

Moreover, computing twiddle factors by __sinf(x) and __cosf(x) HIP math library
functions are slower than reading precalculated values from the host memory in most
case. So that, twiddle factors are pre-computed and copied to the device in our work.

4.3 FFT kernel generation

A computational template is designed by extracting the formalized expressions of
the patterns to adopt the optimized data access mode in the process of code gen-
eration. The designer constructs computational templates, composed of fundamental
butterfly templates and integrated templates.

Based on the computational templates, an FFT code generator is designed to
autogenerate high-performance FFT kernels for mixed radices. And runtime com-
pilation mechanism is employed. hipRTC APIs accept HIP source files as input
parameters and create handles of programs by runtime compilation. FFT kernels are
compiled by hipRTC APIs, providing the possibility of performance improvement
compared with regular offline static compilation.

5 Performance optimization

In this section, some optimization methods will be introduced toward the baseline
FFT implementation in the last section.

5.1 Incorporating methodologies for matrix-based FFT

As we mentioned in Sect. 2.2, the FFT algorithm combines radix-N; subsequences to
get the DFT of the original N-point sequence. Since Matrix Cores in CDNA architec-
ture only provide computing power for 16 x 16 X 16 GEMM, which can be used in
power-of-16 radices, this part of work supports only radix-2 FFT of large sequences.

Modeled after rocFFT, our implementation uses a universal configuration called a
plan. A plan chooses a series of optimal radix-N, kernels. Then, when the execution
function is called, the actual transform takes place following the plan [29].

Figure 3 shows the complete process of a radix-512 FFT. First, a plan is cre-
ated according to the dimension and the size of the input data. This plan selects
an optimal set of all kernels from the pre-implemented incorporating kernel collec-
tion. Then, the execution function is called with the plan and the original data are
uploaded to GPU. In the execution function, the previously determined incorporat-
ing kernels are executed in turn in multiple iterations. Meantime, multiple types of
memory in GPU are fully utilized to increase the reuse of data. After all iterations
are executed, the FFT of the original sequence is written to global memory. The
reusability of code is improved, and the workload of subsequence performance-
related optimization work is also greatly reduced by decomposing a large FFT
sequence into a series of incorporating processes.
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Algorithm 1: 1D Radix-256 FFT kernels
Input: 256 FFTs of size N
Output: FFTs of size 256 N
Figx16 + UpLoad Radix-16 DFT Matrix;
Twigx Ny + Twiddle Factors are pre-computed];
Take the input data as 16 Matrixigxny matrices;
foreach Matrixzigxn do
foreach InFragigxis in Matrizigxn do
/* Parallel by Warps */
TwFragiex16 < load a fragment from the twiddle factors;
InFragigxis = InFragigxis © TwFragigxis;
OutFragiexic = Fiexie - InFragisxie;
Store OutFragigx16 to intermediate data,;

[S S NI VI

© 0 N o

10 end

11 end
12 Twigx16N < Prepare twiddle factors;
13 Take the intermediate data as Matrizigx16ny matrices;
14 foreach InFragigxis in Matrixigxieny do
/* Parallel by Warps */

15 TwFragigxie < load a fragment from the twiddle factors;
16 InFragigxie = InkFragisxie © TwFragiexie;

17 OutFragiexie = Fiexie - InFragiexie;

18 Store OutFragigx16 to output data;

19 end

Multidimensional FFT performs 1D FFT on each dimension of sequences in turn
and can be implemented by batched FFT. Take a 2D FFT on an N, X N, row-major
matrix as an example, an N, batch of N,-point FFT is applied on the N, rows, and
then, an N, batch of strided N,-point FFT is applied on the N, columns. Therefore,
the 2D FFT can be implemented by calling it with proper parameters.

Algorithm 1 shows the radix-256 incorporating kernels, and there are 256 FFT
sub-sequences of size N, in a large sequence. The kernels contain three sub-incorpo-
rating processes. Line 1-11 and line 12-19 are two radix-16 sub-kernels, which is the
base of this part of work, because a 16 X 16 matrix can fill a Matrix Core fragment,
significantly increasing the highest computational efficiency.

We treat the X ,, matrix and the X;, matrix as multiple matrices size of 16 X 16,
which will be calculated in parallel threads. A sub-kernel can execute a radix-16
incorporating process described by Eq. 6 in Sect. 2.2. The incorporating process
combines FFTs of 16 sequences into an FFT of a sequence of 16 times the length.
As shown in line 1-11 in algorithm 1, the sub-kernel firstly loads the radix-16 DFT
matrix and calculates twiddle factors while reading input. These matrices are divided
into 16 X 16 fragments and distributed to the GPU threads for parallelization.
Then, threads execute matrix multiplication with Matrix Cores and element-wise
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multiplication on these fragments. After that, all fragments are put together, and 256
FFT sequences of size N are arranged into 16 FFT sequences of size 16N.

The incorporating strategy by Matrix Core can make global memory accesses
performed only when necessary, and only unavoidable synchronizations are per-
formed. In addition, this strategy achieves the purpose of reducing bandwidth
requirements and increasing arithmetic intensity.

5.2 Alleviate the memory bottleneck

There are two reasons that memory can easily become the bottleneck of FFT algo-
rithms on GPU. First, the original algorithm requires log N times of global mem-
ory accesses, but the arithmetic intensity of one iteration is relatively tiny. Second,
multidimensional FFT needs strided memory access, which will be pretty inefficient
on GPUs. For the first problem, we combine 16 FFTs at once, as we mentioned in
Sect. 4. The times of global memory accesses will be reduced, and the arithmetic
intensity will be increased simultaneously. For the second problem, the data will
be reshuffled after the four-step FFT algorithm with an additional buffer (for big
sequences). This design and the data layout pattern will be explained in detail in the
remainder of this section.
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Four-step FFT algorithm. All conventional FFT algorithms require at least n
passes through the data set to compute an FFT. The four-step FFT algorithm reduces
the number of passes to three.

The four-step algorithm was first presented in a paper by Gentleman and Sande
[13], who discussed its implementation on computer systems with hierarchical
memory. This algorithm, which shall hereafter be referred to as the four-step FFT
algorithm, can be stated very succinctly. Let n = n n, be the size of the transform.
Note that n does not necessarily need to be a power of two. On many systems, the
implementation of this algorithm is most efficient when n, and n, are as close as pos-
sible to \/ﬁ In the following and hereafter, matrices will be assumed to be stored in
memory column-wise. The FFT of n complex input data values can then be obtained
by performing the following four steps:

(1) Perform n; simultaneous n,-point FFTs on the input data considered as an; X n,
complex matrix.

(2) Multiply the resulting data, considered as a n; X n, matrix A, by =7/ The
+ sign is the sign of the transform.

(3) Transpose the resulting n; X n, complex matrix into a n, X n, matrix.

(4) Perform n, simultaneous n;-point FFTs on the resulting n, X n; matrix.

The attractive features of the four-step FFT algorithm can be summarized:

e The four-step algorithm produces an ordered transform vector - it is not neces-
sary to perform a bit reversal permutation, which would lead to performance
degradation on many advanced computer systems.

e It is easier to exploit the underlying topology in a distributed transpose than in a
distributed butterfly.

e There is less idle waiting time in a distributed transpose than in a sequence of
distributed butterflies, where the computation is repeatedly interrupted by com-
munication operation.

All those factors impel us to employ the four-step FFT algorithm in our work.
And data will be reshuffled during the algorithm with an additional buffer when
the input sequence is large and all transformations are performed in-place. Under
that circumstance, there are no additional transposition uploads and no perfor-
mance loss. Figure 4a shows a example of an 8-point FFT, where the radix is 2. A
pair of output elements is stored with a stride length 4, and the uncontinuous data
pattern requires twice the size of shared memory, limiting the GPU performance.
The data are stored in a improved order, and Fig. 4b shows the rearrangement of
the 8-point according to parity, allowing this process to be executed in place with
no performance loss.

Data Access Mode. When the data sequence is large, the number of threads
that access global memory will increase [32]. Nevertheless, the storage space of
share memory is limited. Some corresponding changes are made based on the
GPU execution to reach optimum performance when visiting and fetching data.
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First, the program divides the data into several pieces and then chooses the appro-
priate number of threads in one block. Second, the program puts the data in dif-
ferent pieces into shared memory, and the butterfly operation is done in each
block. At last, the data in shared memory are put back into the global memory.
This is a data exchange. And if the data sequence is bigger, more times exchange
will be performed. The differences of the butterfly operation in each level are the
span and twiddle factor in the algorithm. So we break the data into pieces to make
its span small, and every piece is suitable for computing in the shared memory.

Furthermore, a strategy aimed at the sequence that is full of zeros is also
applied in our work. The strategy can omit the sequence-filled zeros and not
upload additional memory. When the data have been uploaded to the device
memory, zeros will be padded automatically. As we can be seen in Fig. 5, it can
specify the range of sequences filled with zeros and the direction when the data
are read or written.

6 Evaluation
6.1 Experimental setup

In this section, we measure the performance of our FFT implementation on a hetero-
geneous system which equipped AMD Instinct MI100 GPU. We compare our work
with AMD rocFFT, which is the state-of-the-art FFT library on AMD GPU. The ver-
sion of ROCm we used is 4.2.0 released. As of the time of this writing, it is the latest
version on our testing MI100 platform. We compare them in terms of performance,
accuracy, and bandwidth. The performance of multidimensional, mixed-radices FFTs
of adequate sizes on MI100 GPU is shown in this section to evaluate the generalization
of our algorithm.

We measure the performance of our optimizations on the heterogeneous platform,
and the specific configuration is shown in Table 1.

Lol lzlafefs]o]r] [ofufe]ofafafe]|”]
~N
‘0‘1‘2|3|4|5|6|7‘ 0|2 |46 |1 |3 ]|5]|7

(a) Original out place with a fixed data (b) Our work with a improved data
order order: two adjacent butterflies are
grouped

Fig.4 In place and coalesced memory access pattern: a radix-2 of 8-point sequence as an example
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The data are first transferred from CPU to GPU in the performance tests, and a plan
is created. Then, the execute function is executed thousands of times (perform one FFT
cannot make full use of GPU), and the average performance is reported. The data trans-
fer time between the host and device memory is limited by PCI bus bandwidth. It is
independent of the performance of code running time on GPU, so the transfer time is
excluded from our experimental, and only the GPU’s running time is evaluated. For the
input length of N FFT with execution time of # seconds, its performance in GFlops is
defined as

5% N3 xlog N3
GFlops = fog x 107 (11)

As for the precision metric, the result after one FFT and inverse FFT (iFFT) will be
compared with the input sequence as Eq. 12.

Error = max 1/ X,,[i]? + X, [i]? (12)

RIS

6.2 Speedup

Figure 6 shows the performance comparison between our work and rocFFT on
MI100. In the small sequence cases, the execution time on GPU is not long enough,
and the calculations cannot be overlapped with memory access. Thus, the per-
formance is mainly limited by the global memory bandwidth. As the FFT size
increases, the optimizations will promote the performance more obviously, because
the large buffer size will lead to abundant memory access in rocFFT, which causes a
longer execution time. In all cases, our work can achieve an average 1.71 X speedup
for radix-2 and an average 2.78x speedup for radix-3,5,7 and mixed radices com-
pared with rocFFT.

As we can be seen from Fig. 6, when the FFT size is approximate, our work
and rocFFT both perform better under radix-2 than radix-3,5,7 and mixed radices.
One reason is that the number of threads and blocks is power-of-two, which can be
adapted to the calculation mode of GPU. Another reason is the incorporating meth-
odology introduced in Sect. 5 can fully optimize the utilization of GPU computing
power. Radix-2 FFTs are also optimized in rocFFT, because radix-2 FFTs are the
typical usage scenario in HPC applications. Our work generates optimized code at

Fig.5 Cutting off the sequence [ _ _ [~~~ 1
full of zeros and uploading less |
memory ‘ 0 :
I Upload
i 1 Device memory
. |
0 U
|
L __ l Jl
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Table 1 Platform information

Platform

CPU Dual 16-core Intel Xeon Gold 6142 CPUs @2.60 GHz
Host Memory 256GB

GPU Quad AMD Instinct MI100 GPUs, 32GB RAM

PCI-E PCI-E Gen3 x16

ROCm ROCm 4.2.0

run time, and memory bottleneck can be alleviated more notably under the radix-
3,5,7 and mixed radices, which are not improved in rocFFT specifically.

In the same experimental condition, Fig. 7 shows the performance comparison of
3D FFT between our work and rocFFT. The same conclusion is obtained with 2D
FFT in Fig. 6. Our work and rocFFT both perform better under radix-2 than radix-
3,5,7 and mixed radices. The level of improvement is 1.48x and 2.06x for radix-2
and other radices, respectively, because radix-2 FFTs are optimized in rocFFT.

Besides, there are some other interesting discoveries for radix-2. Our work will
outperform rocFFT greatly when X, Y, Z are unequal. The first two dimensions (X
and Y) are calculated first, the data are strided in directions (y, z), so for the best
performance, order dimensions in descendant size may be ordered as X > Y > Z
in our work. Nevertheless, when the three dimensions are the same, X =Y =27
is the best case in rocFFT. For example, in the last slide, 512 x 256 x 128 takes
much more time than 256 X 256 X 256 in rocFFT (the input size is the same 224,
But in our work, the opposite is the case, and the difference is not great. The rea-
son is that an FFT plan with different X, Y, Z will be computed in different ways
in rocFFT. When the X, Y, Z are unequal, rocFFT will launch the kernel functions
called transpose_kernel_scheme, but not when X =Y = Z. The transpose_ker-
nel_scheme function is used to handle tiled (row/column) + strided + batched
Stockham kernels for arbitrary factorizations. Different X, Y, Z determines how
the sequence will be broken down into GPU thread blocks. Therefore, the perfor-
mance of the same input size (different X, Y, Z) varies too much. But in our work,
the transpose scheme is optimized due to the access mode introduced in Sect. 5.

The above results show that although the improvement of our work is not sig-
nificant in radix-2 cases, our work can outperform rocFFT by a notable margin
across different dimensions in other radices cases.

6.3 Precision

Figure 8 shows the average relative error comparison between our work and
rocFFT in radix-2 cases. Despite the different GPU kernels, the error of the two
libraries is at the same level in FP64. Our library’s related error is slightly smaller
than rocFFT in a large-scale sequence, demonstrating the high applicability in the
HPC applications.
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6.4 Memory throughput

Figure 9 is the memory throughput comparison between our work and rocFFT in
FP64 on MI100. The experiment configuration below takes multiple 1D FFTs of a
supported sequence length from the range of 2 to 4096 and batch them together, so
about 1GB of data is uploaded, and multiple consecutive FFTs (different from the
experiment in 6.2, which is the single FFT for multiple executions) are performed.
After that, the time which one single FFT takes is obtained by averaging the result.
Total data size will be divided by the time taken through one upload and download,
resulting in the achieved bandwidth.

As we can be seen from Fig. 9, the bandwidth of our work is nearly 2x rocFFT in
general, promoted by the memory access pattern and the data arrangement. Only in
some cases of radix-2, the performance of rocFFT is close to our work.
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2D FFT size
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Fig.6 The performance of different sizes 2D FFT
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7 Conclusion

This paper presents the design and implementation of a GPU-based FFT algorithm
for mixed radices and multidimensions. Furthermore, we exploit a set of optimiza-
tions to support the butterfly operations of FFT efficiently and the data access mode
to alleviate the memory bottleneck. Our work is evaluated on the AMD instinct
GPU. We measure up to 2x performance increase over rocFFT on MI100 in general,
achieving about 1000 GFlops. The precision and bandwidth are also evaluated to
demonstrate the great potential to use the HPC GPU to accelerate FFT. The meth-
odologies can be generalized to other FFT scenarios (like R2C and C2R) and can
be highly portable across architectures. Despite the novelties of our work, several
potential drawbacks may occur, like excessive time of kernel generation on CPU and
no further optimization of data transmission between host and device.
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Future work includes exploiting additional optimization of our library to further
reduce memory requirements and applying it to some HPC applications. Besides,
follow-up efforts can be made to extend the library to multiple nodes and other FFT
scenarios (R2C, C2R, etc).
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